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Super Edge Antimagic Total Labeling on Disjoint
Union of Cycle Non Isomorphic

Yuni Listiana!, Dafik!, Slamin?

!Department of Mathematics Education, University of Jember
{yuni.listiana7, d.dafik}@gmail.com

’Department of System Information, University of Jember
slamins@gmail.com

Abstract

A graph G with order p and size ¢ is called (a, d)-edge antimagic total ((a, d)-EAT)
if there exist integers a > 0, d > 0 and a bijection a : VUE — {1,2,3,...,p+ ¢}
such that W = {w(uv),uv € B} = {a,a+d, ...,a+ (q— 1)d}, where w(uv) = a(u)+
a(v) +a(uv). An (a,d)-EAT labeling a of graph G is super if a(V) = {1,2,...,p}.
In this paper we describe how to construct a super (a,d)-EAT labeling on some
classes of disjoint union from non isomorphic graphs, namely disjoint union of cycle
non isomorphic, C,, U C,10 U1y,

Keywords : (a,d)-edge-antimagic total labeling, super(a,d)-edge antimagic total la-
belling, Cy, U Cpya U Chay.

1 Introduction

All graphs in this paper are finite, undirected, and simple. V(G) and E(G) (in short,
V and E) stand for the vertex-set and edge-set of graph G, respectively. Let e = {u, v}
(in short, e = uv) denote an edge connecting vertices u and v in G. Theu, let order
[V(G)| in G denoted by p and size |E(G)| in G denoted by g.

A labeling of a graph is any mapping that sends some set of graph elements to a set of
numbers (usually to the positive integers). If the domain is the vertex-set or the edge-
set, the labelings are called respectively vertez-labelings or edge-labelings. In this paper
we deal with the case where the domain is V U E, and these are called total-labelings.
We define the edge-weight of an edge uv € E under a total labeling to be the sum of
the vertex labels corresponding to vertices u, v and edge label corresponding to edge
uv. General references for graph-theoretic notions is [12]. A general survey of graph

labelings is [6].

A graph G is called (a,d)-edge antimagic total ((a,d) — EAT) if there exist integers
a >0, d >0 and a bijection function f: VUE — {1,2,...,p+ ¢} such that the set of
edge-weights is w(uv) = f(u) + f(uv) + f(v),uv € E, form an arithmetic progression
{a,a+d,a+2d,...,a+ (¢ —1)d}. In particular, an (a,d) — EAT labeling of graph G
is super if f : V — {1,2,...,p}. Thus, a super (a, d)-edge-antimagic total graph is a
graph that admits a (a, d)-edge-antimagic total labeling.

The coucépt of (@, d)-edge antimagic total labeling, introduced by Simanjuntak et al.
in [14], is natural extension of the notion of edge-magic labeling defined by Kotzig and
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Rosa [1] (see also [9], [13], [3] and [15]). The super (a. d)-edge-antinagic total labeling 2§
is natwral extension of the notion of super cdge-magic labeling which was defined by”
Enowoto et al. in [4].

In this paper we investigate the existence of super (a, d)-edge-antimagic total labelings &
for disjoint union of non isomorplic graphs. A number of classification studies oy =
super (a,d) — EAT (vesp. (a,d) = EAT) for disjoint union of non isoworphic graphs -
has been extensively investigated. For instances, some constructions of super (a,0)- 4
edge-antimagic total labelings for nCy, UmPy, and Ky, U Iy, have been shown by ;f
Tvanco and Luékanicovd in [7]. Tu [3] Sudarsaua, Isnaimuza, Baskoro. and Assiyatun
show that P, U Py, nPy U Py (1> 2), and nPa U P52 are super edge antimagic total
labeling. Dafik et al also found disjoint nuion of nou isomorphic graph which admits -
super (w. d)-edge-antimagic total labelings, namely my, U Si in 2].

More I'CSUH}S COMLCOTHINEG O1L Super C(""_’;C E:Llltilll?lv‘".l(: total l‘rl.b("»l.lll“', see llOl' mnstances in as
(=4 k ¢ o o o
nice survey paper ])\ U'cl.“il"l‘ll [()]

Now, we will concentrate cn the disjoint union of ¢ycle non isomorphic, denoted by
C, UC,2UC,xy, for n. > 3 and » odd.

2  Some Useful Lemmas

We start tiiis section by a necessary condition for a graph to be super (. d)-edge-

antimagic total, providing a least upper hound for feasible values of d.

Lemma 1 If a (p.q)-graph is super (a, d)-edge-antimagic total then d < —'—/__-”l;

Proof. Assume that a (p, ¢)-graph has a super («,d)-edge-antimagic total labeling
fV(GYUE(G) — {1,2,...,p+q}. The minimun possible edge-weight in the labeling
fisatleast 1 +2+p+1=p-+4 Thus, e > p+4 On the other haud, the maximum
possible edge-weight is at most (p— 1) +p+ @ +¢) =3p+aq-1 So we obtain
a+ (g—1d < 3p+q— 1 which gives the desired upper bound for the difference . O

The following lermma. proved by Figueroa-Centeno et al. in [13]. gives a necessary and
sufficient condition for a graph to be super edge magic (super (a,0)-edge antimagic
total).

Lemma 2 A (p,q)-graph G is super edge-magic if and only if there exists o bijective
function f : V(G) — {1.2....,p} such that the set S = {f(w) + flo) - ww € E(G)}
consists of ¢ consceutive integers. In such a case, f cxtenids to a super edge-magic
labeling of G with magic constant a =p+ ¢+ s, where s = 'ITI,'I:,’IL(.S') and S = {a—(p+
D,a—(p+2),....a—(p+aq)}

Tu our terminology, the previous lema states that a (p, ¢)-graph G is super (a,0)-edge
antimagic total if and ouly if there exists an (a—p—g, 1)-edge antimagic vertex labeling.

Next, we restate the following lemma that appeared in [8].
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Lemma 3 [8] Let A be a sequence A = {c,c+ 1,c+2,...c+k}, k even. Then there
exists a permutation IL(A) of the elements of A such that A+ II{A) = {2¢+ % 2c+ 1‘5 +
L,2c+5+42,...,2c+ 2 —1,2c+ 2k}

3 Research Methods and Techniques

Research methods a super (a, d)-edge-antimagic total labeling on disjoint uuion of cycle
non isomorphic are deductive axiomatic and the pattern recognition. Then for research
techniques are as follows:

1. calculate the order p and size ¢ on disjoint union of cycle non isomorphic;

2. determine the upper bound for values of d on disjoint union of cycle non isomor- -
phic according by Lemma 1;

3. find label EAV'L or edge antimagic vertex labeling on disjoint union of cycle non
isomorphic;

4. if the label of EAV L is ezpandable, then we continue to determine the bijective
function of EAVL;

5. find label SEAT'L on disjoint union of cycle non isomorphic with feasible values
of d,

6. determine the bijective function of super-edge antimagic total labeling on disjoint
union of cycle non isomorphic. :

4 Disjoint Union of Cycle Non Isomorphic

Disjoint union of Cycle Non Isomorphic denoted by Cp,UCr19UCh14, n > 3and n
odd, is a disconnected graph with vertex set V = {z} |1Zi% n}U{x? [1<i<n+2}U
{v:}\ |1<k<n +4}, and edge set:

= faielaitel 'c1 | 1 <L<n—1}U{1 a2 Uzl 02t |1<i<n+ 1}
U{adal, Uah 28 | 1<k <n+ 3}

Thus, p=g=n+(n+2)+(n+4) =3n+6.

If the disjoint union of Cp U Cpie U Chyg, has a super (a,d)-edge antimagic total
labeling then, for p = ¢ = 3n + 6, it follows from Lemma 1 that the upper bound of d
isd<3— 325, d>0,dis integer, so d € {0,1,2}

The following theorem describes an (a,1)-edge antimagic vertex labeling on disjoint
union of C,, UCpia U Crag, n > 3 and n odd.

U

Lemma 4 The disjoint union of Cp U Cpao U Cpaa has an (w, 1)-edge antimagic
vertex labeling for n > 3 and n odd. :
Proof. Define the vertex labeling a; : 3n+ 6} in

‘/’(C‘n U C"‘n+2 U C'n+4) = {17 2) Sl
the following way: '
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Form;, 1<i<n
i+3 . ((=1)f+1
m(b})zﬂ_)' +<( s )Bn
For &}, 1<j<n+2
@) By (E0 ) 3 4 (G4 5, ifl1<j<n
ay(zs) = - ;
! %+(Liﬂ)1+<Ll#ﬂ)@+(t%ﬂ)n,ﬁn+1§j§n+g,
For.'z;:,i, 1<k<n+4
() =k #ﬂ 3n+ (St 6, ifl1<k<n
o1(2;) = op e o B ) !
! &211_ + (S ”;“ gy — (0L ]ff“ 5k+ (————( 1?1’”+1) 13, if n4+1<k<n+4q-

The vertex labeling a; is a bijective function. The edge weights of C, U Cprao U C)uy, '
under the labeling oy, constitute the following sets:

For i, 1<i:<n

w,‘,,)(m,lm}lH) = % f1<i<n-—1
52! ol = n+
wal (:Ln."l’l - 2

For j, 1<ij<n+2

wh, (e322,) = IntGHl - jf1<j<n—1.
2,2 3613 o o
wg](.'n]z-ljﬂz) = 5—1%— fn<j<n+1
AT _ Sn+4
wm("ﬂ,—i-Qa’l) - T2
For &, 1<k<n+4
wgu@%ﬂ ?f?f, if 1<k<n-—1
By Y . W — n+-6k+ e, .,
wg‘(‘l”{mg‘“) = 3——? fn<k<n+1
‘”gz(m‘g:’;k—%) = ;’:_FT‘ if n+2<k<n+3
wcvl (:1’11.+4'I’1) = 2

It is not difficult to see that the set of

7t . (3049 3n+1l 3In+13 In+19
W'l_{Q’ 2 0 g wex 2 }

cousists of consecutive integers. Thus o is a (23, 1)-edge antimagic vertex labeling.
]

Baca, Y. Lin, M. Miller and R. Simanjuntak (See [9], Theorem 5) have proved
that if (p, ¢)-graph G has an (e, d)-edge antimagic vertex labeling then G has a super(a+
p+¢q,d — 1)-edge antimagic total labeling and a super(a + p+ 1, d + 1)-edge antimagic
total labeling. With the theorem 1 in hand, and usmg The01em 5 from [9], we obtain
the followmg result.

Theom
antimu
and n

Prool
We ha
ing. V
are al
for p -

Proo
Label

o
ag(.L;‘.
the e

For 2.

For j

For 1

The
C’-n+

the
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Theorem 1 The disjoint union of C, U Cphio U Cyoyq has a super ("”"*'33 0) edge

antimagic total labeling and o super (—9"'2,’23, 2) -edge antimagic total labeling, forn > 3
and n. odd.

Proof. Case 1. for d =0

We have proved that the vertex labeling a; is a ( 1)-edge antimagic vertex label-
ing. With respect to Lemma 2, by completing the edge labels p+1,p+2,...,p+¢q, we
are able to extend labeling a; to a super (a,0)-edge antimagic total labeling, where,
for p = ¢ = 3n 4+ 6, the value o = 15”;'33 and and common difference 0. Thus a super
(132533 0)-edge-antimagic total labeling. This concludes the proof. O

3n+9
2 s

Proof. Case 2. for d =2

Label the vertices of C, U Cpio U Cpiyg with m(q}) = o:](n;}), ag(mf) = aq (’sz) and
ag(mf) = czl(n;;‘i); for:=1,2,..,n,j=1,2,...,n+2and k = 1,2,...,n+ 4; and label
the edges with the following way.

Fori, 1<2<n

az(zizl) = 3+3i+7 f1<i<n-1
ao(zlzl) = 3n+7 '

Forj, 1<j<n+2

ag(mgzgﬂ) = 3n+35+8, ifl1<j<n-1
an(w i JH) = 3n+37+9, ifn<j<n+l
az(22.52%) = 3n+8
For k 1<k<n+4
Ca(zdzi,) = m+3k+9, ifl<k<n-1

ariri,,) = 3n+3k+7, ifn<k<n+l

ag(zimiﬂ) = mn+3k+2, ifn+2<k<n+3

as(z3 423) = 3n+9

The total labeling as is a bijective function from V{C, UCh1oUChiy) UE(C,UC,, 10U
Ch+4) onto the set {1,2,3,...,6n+ 12}. The edge-weights of C, UCp+2U C, 44, under
the labeling a, constitute the sets:
Fori, 1<i<n
Wl = {wl +oes(slal ), if 1<i<n—1}
= (35H9) 4 (3n+3i+7)
In+12i423
2
W2, = {wl, +oa(zhz])}
(329) + (3n + 7)
19n+423
D)




131 Prosiding Seminar Nasional Matematika dan Penclidikan Matematika
Program Studi Pendidikan Matematika FKIP Universitas Jember, 23 Juli 2011

Forj, 1<j<n+2
v‘/cm {’LU(H +C")( 5 J 1) if 1 <j <n-— 1}

(B0 4 (3 4 35 + 8)

= 2
— -l ziadg);if n<j<n+1}
_ (ﬂ%tlj)-k(?mﬁ-&?"*‘g)
2
WE, = {uf, +asle )

= (3”—;&) + (3'1‘1, -+ 8)

_ 9n+27
- 2

Fork, 1<k<n+4

1/‘/(16) {70(.\1 + C\()(ILZ LI-+1): lt 1 < ]\' < n— 1}
= (GRS 4 (3n 4 3k +9)
Wl = {wm +og(adai, ) if n<k<n+1}
= (3n8EE9) 4 (3n+ 3k +7)
2
W8, = {wd +a(zlzi,,); jika n+2<k <n+3}
= (3mt8E=ly 4 (3n + 3k + 2)
= Ontloks3
‘/‘732 = {'U) + (l')( n+4r?)
('3"+13) + (3n+9)

It is not difficult to see that the set of

u/f f.)n+2$ In+27 9n+431 21n+431
Bt 2 2 S

5 2 ey

contains an arithmetic sequence with the first term g—”é—y and common difference 2.

. R . . s 53 o g - .
Thus as is a super (9"2;“‘3 2)—edge antimagic total labeling. This concludés the proof.
]

Theorem 2 The disjoint union of Cy, U Cpya U Cpyq has a super (6n + 14, 1)-edge
antimagic total labeling for n > 3 and n odd.

Proof. We will prove using Lemma 3. For n > 3 and n odd, consider the vertex
labeling ;" of the graph C),, U Cpy2 U Criq from Lemma 4 which is a (3"+9 1)-EAV

labeli)
vertex
LII()

If [II(
the se
labelii

We h
total .

[6] -
[7]

(8]
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labeling. Let a sequence A = {¢,c+1,c+2, ..., c+k} be the set of edge-weights of the
vertex labeling avy for ¢ = 3% and k = 3n+5. In Lemma 3, there exists a permutation

II(2A) of the elements of A such that A+ [[I(A) + "z] = {2¢+k,2c+k+1,...,2¢+2k}.
If [TI(2) + ’5] is an edge labeling of graph Cp, U Cp42 U Crpq,then 4+ [TT(A) 4 /‘5] gives
the set of the edge weights of Cy, U Cpy2 U Chipa, which implies that the resulting total
labeling is super (6n + 14,1). This concludes the proof. O

5 Conclusion

We have lemma and theorem from bijective function of super (a,d)-edge antimagic
total labeling on disjoint union of cycle non isomorphic:

e Lemma 4 The disjoint union of C, U Cpro U Cria has an (a,1)-edge antimagic
vertex labeling for n > 3 and n odd.

e Theorem 1 Ifn > 3 and n odd, the disjoint union of C,UC,12UC,y has a super
( ""“"2—*'33,0)-6@6 antimagic total labeling and a super (W.2)-edge-mv.t'i,magic
total labeling.

e Theorem 2 The disjoint union of Cp,UChrioUC, 44 has a super (6n+14,1)-edge
antimagic total labeling for n >3 and n odd.
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